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Abstract

In this paper we consider the motion planning problem for arbitrary articulated structures with one or more
closed kinematic chains in a workspace with obstacles. This is an important class of problems and there are
applications in many areas such as robotics, closed molecular chains, graphical animation, reconfigurable robots.
We use the kinematics-based probabilistic roadmap (KBPRM) strategy proposed in [7] that conceptually partitions
the linkage into a set of open chains and applies random generation methods to some of the chains and traditional
inverse kinematics methods to the others. The efficiency of the method depends critically on how the linkage is
partitioned into open chains, and the original method assumed the partition was provided as input to the problem.
In this paper, we propose a fully automated method for partitioning an arbitrary linkage into open chains and for
determining which should be positioned using the inverse kinematic solver. Even so, the size (number of links) of
the closed loops that can be handled by this method is limited because the inverse solver can only be applied to
small chains. To handle high dof closed loops, we show how we can use the Iterative Relaxation of Constraints
(IRC) strategy [3] to efficiently handle large loops while still only using inverse kinematics for small chains.

Our results in 3-dimensional workspace both for planar and spatial linkages show that our framework performs
well for general linkage. We also use our planner to simulate an adjustable lamp called Luxo. Using IRC, our
planner can handle a single loop of up to 44 links.

*This research supported in part by NSF Grants ACI-9872126, EIA-9975018, EIA-0103742, EIA-9805823, ACR-0081510, ACR-
0113971, CCR-0113974, EIA-9810937, EIA-0079874.



Figure 1: Four manipulators co-
ordinate to handle an object.
(http://www.robotics.is.tohoku.ac.jp/lab/robot/)

1 Introduction

Closed chain mechanisms arise in many applications
both in and beyond robotics, such as the Stewart Plat-
form [20], parallel robots [16], closed molecular chains
[19], graphical animation [9], reconfigurable robots
[12, 18], and the closed chain system formed by mul-
tiple robots grasping an object [11] (Figure 1).

In this paper, we consider the motion planning
problem for arbitrary linkage structures with one or
more closed kinematic chains in a workspace with ob-
stacles. The motion planning problem [13] is to find a
collision free path that takes a movable object from a
start configuration to a goal configuration. Since there
is strong evidence that any deterministic planner re-
quires time exponential in the number of degrees of
freedom (dof) of the movable object [13], attention has
been focused on randomized approaches. In particu-
lar, Probabilistic Roadmap Methods (PRMs) [10] have
been used successfully for many high dof problems.

While closed chains can offer advantages over open
chains in terms of the rigidity of the mechanism, mo-
tion planning and control of closed chains is compli-
cated by the need to maintain the closed chain struc-
ture, the so-called closure constraints. It is very diffi-
cult to find configurations satisfying the closure con-
straints using purely randomized techniques since the
probability that a randomly generated configuration
lies on the constraint surface is zero [15].

We are aware of two efforts to extend the PRM tech-
nique to systems with closed kinematic chains. Yakey
et al. [15, 21] proposed the first method which demon-
strated PRM could be applied to closed chains. Next,
Han and Amato [7] provided a more efficient method
called KBPRM that conceptually partitioned the link-
age into a collection of open chains, and then used
PRM-based random sampling to position some of the
chains and applied inverse kinematics to the remain-
ing chains to enforce the closure constraints. The effi-
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Figure 2: Break a Closed Chain into two Open Chains,
chain 1 and chain 2. A closed chain is formed where
the frames F/y and Es attached to the breakpoint must
coincide to each others. KBPRM first generates joint
angles for chain 1 and use inverse kinematics to com-
pute the joint angles in chain 2.

ciency of their approach depends critically on how the
linkage is partitioned into open chains. In [7], it was
assumed that the partition was provided as input to
the problem.

In this paper, we propose a fully automated method
to perform the partitioning needed by KBPRM. In
particular, we show how a technique from graph the-
ory called ear decomposition can be adapted to parti-
tion a complex linkage containing an arbitrary number
of closed loops into a set of open chains suitable for
KBPRM. While the KBPRM strategy is quite efficient,
in practice the size (number of links) of the closed
loops that can be handled by this method is limited
because the inverse solver can only be applied to rel-
atively small chains. To handle high dof closed loops,
we show how we can use the Iterative Relaxation of
Constraints (IRC) strategy [3] to deal with loops with
large numbers of links, while still only computing in-
verse kinematics solutions for very small systems.

This paper is organized as follows. In Section 2, we
discuss related work. In Section 3 we give an overview
of our approach. In Section 4, we discuss the general
linkage structure and our preprocessing before apply-
ing PRM. The details of roadmap construction is de-
scribed in Section 5. In Section 6 we discuss how to
apply IRC to high-dimensional problems. Experimen-
tal results are presented in Section 7, and we conclude
our paper in Section 8.

2 Related Work

The general methodology of PRMs [10] is to first con-
struct a graph (roadmap) that represents the connec-
tivity of the robot’s free configuration space (C-space),
and then query the roadmap to find a valid path for
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Figure 3: KBPRM first builds a kinematic roadmap without considering the environment and then populate it to
environment. (a) A three-node kinematic roadmap for a 4-link closed chain (C-Space). (b) Populate the kinematic
roadmap with different base configurations (C-space), and we only keep the solid edges which are feasible. (c)
Connect configurations with the same closure type (C-space), solid edges were copied from kinematic roadmap
and dash edges are the connections between same closure types.

a given motion planning task. Initially, PRMs were
mainly limited to rigid bodies and articulated objects
without closed chains.

In the approach used in [15], roadmap nodes are
found by first sampling random nodes in C-space and
then applying an iterative random gradient descent
method. The method minimizes error functions that
express the closure constraints. Roadmap edges are
computed by executing a randomized traversal of the
constraint surface between two nodes. Planar test
problems with up to 8 links and two loops were solved
in several hours. In [21], which is an extension of
[15], the same authors proposed a method based on
PRM and rapidly-exploring random trees (RRTs) [14].
Problems with similar complexity were tested for both
planners. The PRM-based planner achieved similar re-
sults as [15], and the RRT based planner achieved
significantly better results, solving problems in 8-20
minutes that previously took hours.

As previously mentioned, we use the kinematics-
based PRM (KBPRM) approach [7]. Planar and spatial
linkages with 7-9 links were solved under a minute.
(See Section 3 or the paper [7] for more details.)
Cortes et al. [4] proposed an extension of KBPRM
called Random Loop Generator (RLG) to improve the
generation of random configurations. It samples pa-
rameters one at a time to guide the end-frame of a
subchain toward a region which is in the reachable
workspace of the subchain which is computed using
inverse kinematics. Here, we handle high dof closed
chain systems by applying IRC [3] to KBPRM.

3 Overview of KBPRM

We now give a brief overview of kinematics-based PRM
(KBPRM) [7]. Briefly, KBPRM (conceptually) ‘breaks’
all closed loops into a set of open subchains. Standard

PRM random sampling techniques and forward kine-
matics are applied to one subset of the subchains, and
then traditional inverse kinematics solutions are ap-
plied to the remaining subchains to enforce the closure
constraints (Figure 2). This strategy preserves the
PRM sampling philosophy, while addressing the fact
that the probability that a random configuration will
satisfy the closure constraints is zero, which proved
problematical in previous attempts to apply the PRM
methodology to closed chain systems.

In many cases the efficiency of KBPRM can also be
improved by applying it in a two-stage strategy, both
of which employ the PRM framework. First, we disre-
gard the environment, fix the position and orientation
of one link (the “virtual” base) of the system, and con-
struct a kinematic roadmap (Figure 3(a)) which con-
tains different self-collision-free closure configurations.
Next, we place copies of (portions of) the kinematic
roadmap (nodes and edges) in the environment (Fig-
ure 3(b)), and then use rigid body planners to connect
configurations of the same closure type (Figure 3(c)).
This two-stage approach enables us to amortize the
cost of computing and connecting closure configura-
tions.

The efficiency and effectiveness of KBPRM depends
critically on how the linkage structure is partitioned
into a set of open chains. For a closed chain linkage
involving more than one loop, a link or joint may be
involved in multiple closed chains, and in this case the
effectiveness of the method will also depend on the
relative order in which one ties to enforce the closure
constraints. In the original KBPRM paper [7], it was
assumed that the partition into open chains and the
decision on how each chain would be processed were
provided as input to the method. A major contribu-
tion of this paper is to provide an automated method
for performing this processing and assignment, and to



demonstrate that it achieves good results for arbitrary
linkage structures.

4 Breaking Closed Loops

In this section, we describe a method to break an arbi-
trary linkage structure into a set of open chains and to
determine how each chain should be positioned, i.e.,
by random sampling (forward kinematics) or using in-
verse kinematics, and in what order.

4.1 General Structure of Linkage

The parts of a mechanism, regardless of their shape
or the type of connections between them, are called
links. The part of a link in contact with another link
is called an element. The joints, which are connec-
tions between links, are formed by at least two ele-
ments coming into contact. The type of joint may be
revolute, prismatic, etc. A set of links connected by
joints is called a kinematic chain [17].

We consider a two-dimensional or three-
dimensional world, W < RYM, with N = 2 or
N = 3. Let L = {Ly,Ls,...,L,,} represent a col-
lection of m links. Let J = {Jy,Jo,....,Jn} be a
collection of n joints, each of which connects a subset
of links in L and attaches links at their endpoints.
We define KC = (L, J) to be a kinematic chain. A
configuration of the kinematic chain is a vector of
real-valued parameters which determine the position
and orientation of all links.

It will be convenient to view a kinematic chain as
a graph in which the vertices represent joints and the
edges represent links. An artificial vertex needs to
be created in the graph for each unary link (a link
connected to a single joint) and it will be connected
only to the edge of the corresponding to the unary link.
In particular, let G denote the graph that corresponds
to a kinematic chain. If G is a tree, then we define it as
an open chain linkage (Figure 4(a)). If G is cyclic and
all vertices have degree at least two, the chain is called
a closed chain linkage (Figure 4(b)). Another class is
the compound chain linkage in which G is cyclic with
at least one vertex having degree one (Figure 4(c)).

We first note that we can ‘break’ a compound chain
linkage into components where each component is ei-
ther a closed chain linkage or an open chain linkage.
For example, the linkage in Figure 4(c) can be broken
into a closed chain linkage component (Figure 4(b))
and an open chain linkage component which only has
an edge el4. Secondly, a closed chain linkage can al-
ternatively be viewed as a linkage system consisting of
a collection of open chain linkages, where we ‘break’

Figure 5: An ear decomposition of G is an ordered
partition of the set of edges E = {Py, P1,..., Py}
In this example, an ear decomposition starting
from Py is E = {P),P,P,} where Py =
{1,2,3,4,5,6}, P, = {7,8,9,10,11,12}, and P, =
{13,14,15,16,17,18,19}.

each closed chain, and then satisfy the closure con-
straints, if any, by forcing the break points to coincide.
For example, in Figure 2, chain 1 and chain 2 form a
closed chain where the frames F; and E5 attached to
the breakpoint (the “end effector”) must coincide to
satisfy the closure constraints. Thus, we can break
any system into a set of open chain linkages.

4.2 Ear Decomposition

We use the ear decomposition technique [8] from graph
theory to partition the kinematic chain into an or-
dered set of open chains. The ordering will be used to
determine the order in which the closure constraints
are enforced. Without loss of generality, in the dis-
cussion below we assume that we have a closed chain
linkage (the open chains can easily be identified and
positioned using random sampling).

Let G = (V, E)) be an undirected graph, with |V| =
n and |E| = m. Let Py be an arbitrary simple cycle
of G. A simple cycle is formed by a non-tree edge and
the spanning tree of G. An ear decomposition of G
starting with P, is an ordered partition of the set of
edges E = {P, P, ..., P;}, such that each endpoint of
P;, for ¢ > 1, is contained in some P;, for j < 4, and
none of the internal vertices of P; are contained in any
P;, for j < ¢ [8] (Figure 5). Each simple path P; is
called an ear. An ear is open if it is noncyclic and is
closed otherwise.

An undirected graph G = (V, E) has an ear decom-
position if and only if it is bridgeless (i.e., there exists
no edge whose removal disconnects the graph). The
underlying graph G we get for a closed chain linkage
is a bridgeless graph, and we can apply ear decompo-
sition on G directly. Thus, the ear decomposition will
decompose the closed chain linkage into an ordered set



Figure 4: (a) An open chain linkage in which the underlying graph G is a tree; vertices 3, 8 and 9 are artificial
vertices we added for unary links €9, ell and e6. (b) A closed chain linkage. (c) A compound chain linkage.

of simple chains (which has at most one loop).

4.3 Partition Algorithm

After the kinematic chain has been partitioned into a
set of open chains, we need to partition them into two
subsets, one which will be positioned using PRM ran-
dom sampling techniques and forward kinematics and
one which will be positioned using inverse kinemat-
ics to enforce the closure constraints. Hence, the task
here is to partition the joint variables into two groups,
the sampled variables 05 and the computed variables
0., where the 0. will be determined after the 6, us-
ing inverse kinematics. Algorithm 4.1 outlines our ap-
proach for partitioning an arbitrary linkage using the
ear decomposition technique.

Algorithm 4.1 Partition Algorithm
1: Get an underlying graph G from the input to represent
the closed chain linkage

2: if GG does not have loop then
3:  return NO-LOOP

4: else

5:  Compute ear decomposition F = {Fo, Pi,..., Py} of
G

6:  Choose the last three consecutive joint variables in
Py as 0.

7:  for each P;, i >0 do

8: Choose three consecutive joint variables from one
of its end points as 6.
9: end for
10:  Choose the rest joint variables as 05
11: end if

For a system that has any closed chains, we first use
the ear decomposition technique (Step 5) to partition
it into a sequence of simple chains and one closed loop.
We then divide the joint angles in each simple chain
into two groups: 0, and .. From an algorithmic point
of view, 05 needs to be chosen such that for a given
value of 6, the corresponding value of 6, satisfying the
closure constraints, if any, can be computed efficiently.

While solutions are not known for inverse kinematics
problems for general linkages, closed-form solutions do
exist for simple chains (such as 4-link chains) and most
industrial robots. In our current implementation, we
have a solution for a 3-joint/4-link chain [5], which is
why we select three consecutive joint variables as 6.
in steps 6 and 8.

5 Roadmap Construction

‘We now describe how KBPRM constructs the roadmap.
First we build a kinematic roadmap which encodes the
connectivity of the closure configurations and does not
depend on the environment. Then we place copies of
the kinematic roadmap in the real environment and
make connections between them.

Node Generation. The node generation algo-
rithm is sketched in Algorithm 5.1. Here 6, denotes
the sampled variables and 0. denotes the computed
variables as determined by Algorithm 4.1.

Algorithm 5.1 Node Generation Algorithm
1: if NO-LOOP is returned in partition algorithm then

2:  Randomly generate all the joint variables 6
3: else
4:  Randomly sample 65
5. for i=0,i <k (kis the number of loops) do
6: Use forward kinematics to compute the transfor-
mation for computed variables in P;
Use inverse kinematics to compute the 0. in P;
8: if no solution is found then
9: return failure
10: end if

11: end for

12:  if 6 = (0,,0.) is self-collision free then
13: return 0

14: end if

15: end if

For a system involving closed chains, we first ran-
domly sample 6,. Steps 5 — 11 processes the com-
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Figure 6: Some closed configurations generated by our
planner. (a) A 2loop-12link planar linkage. (b) A
2loop-12link spatial linkage. (¢) A 3loop-14link pla-
nar linkage. (d) An adjustable lamp called “Luxo”,
which is made up by a 3-loop planar linkage and an
adjustable head, the board is the obstacle in the envi-
ronment.

puted chains 6. in the order provided by the ear de-
composition using the inverse kinematics solver. After
checking for self-collision, the closed configurations are
added as nodes to the kinematic roadmap. In step 7,
if multiple solutions exist for the inverse kinematics
problem, we can either keep all solutions or randomly
choose one. Figure 6 shows some closed configurations
generated by our planner.

Node Connection. An edge between two closure
configurations in the roadmap consists of a sequence
of intermediate closure configurations. The general
strategy of node connection here is as same as [7]. In
particular, we use the local planner to connect the
sampled variables 6, of the two ‘nearby’ closure con-
figurations, and then compute the corresponding com-
puted variables 6. along the local path.

Two-stage Approach. The general idea here is
as same as [7]. In addition, we apply some heuristics
to improve the connectivity of the roadmap.

6 Using IRC with KBPRM

Recall that the effectiveness of KBPRM decreases as
the number of links increases. in this section we dis-
cuss how to apply the Iterative Relaxation of Con-
straints (IRC) [3] strategy to enable us to handle high
dof closed chain systems.

The general philosophy of IRC is first to relax the
feasibility constraints so that the planner can solve
an easier problem and then use the solution to the
easier problem to help find a solution for the more
constrained problem. In this case, we do this by ap-
proximating the original closed chain with a smaller
virtual closed chain and the approximate solution is
the path found for the smaller virtual closed chain.

In particular, the virtual chain is constructed by
selecting some pivot joints in the original chain (Fig-
ure 7(a)), and then connecting them with virtual links
to create the virtual closed chain. A configuration of
the original closed chain is determined by first comput-
ing a closed configuration of the virtual closed chain,
and then computing closed configurations for the por-
tions of the original chain between two consecutive
pivots (whose positions are now fixed). If all these sub-
problems are small enough, then KBPRM can be used
on them directly. Otherwise, another level of virtual
links can be introduced. Figure 7(b) shows a config-
uration for a 44-link single loop linkage generated by
our planner.

7 Experimental Results

In this section, we show how our planner performs
in practice. Our prototype closed chain PRM planner
was developed on top of the C++ motion planning
library developed by the Parasol lab at Texas A&M
University [1, 2] and we use the RAPID [6] package
for 3D collision detection. All experimental results
reported in this section were performed on a Pentium-
4, 2.4GHz machine with 640MB memory.

We tested different examples in 3D environ-
ments for both planar and spatial linkages to
show that our framework performs well for gen-
eral linkages (Section 7.1). We also use our plan-
ner to simulate an adjustable lamp called Luxo
(http://www.pixar.com/shorts/ljr/) (Section 7.2). In
Section 7.3 we show our results for high-dimensional
problems using IRC.

7.1 General linkages

We tested our planner for different examples in the
“Walls” environment (Figure 7(c)) for both planar and
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Figure 7: Applying IRC to closed chain. (a) The circle stands for the “pivots” and the dashed line represents
the virtual links. All the virtual links form a 5-link closed chain while the original closed chain has 30 links. (b)
A 44-link single loop configuration. (c) The “Walls” Environment. It contains six parallel walls (4 x 4 x 0.25).

Each of the four walls in the middle has a (1 x 1) hole.

spatial linkages. The chains we consider in this section
have m identical links and all joints are revolute. To
study the benefit of using the kinematic roadmap, we
compare roadmaps constructed with and without the
two-stage approach.

In Table 1 we show the statistics for both pla-
nar and spatial 2-loop/12-link examples (Figure 6(a)
and (b)). The roadmaps without kinematic prepro-
cessing were generated using KBPRM and the nodes
were generated using Algorithm 5.1; the base con-
figuration was randomly generated and collision was
checked with the obstacles in the environment. For
the two-stage approach, we first generated 30 kine-
matic roadmap nodes for the planar linkage and 15
nodes for the spatial linkage. The edges were gener-
ated using the straight line planner to connect each
node to its 20 nearest neighbors. Then, 20 different
base configurations were generated for the kinematic
roadmap and it was copied to the environment. The
final rigid body connections between configurations of
the same closure type used the straight line planner to
the 20 nearest neighbors. As can clearly be seen from
the table, the roadmaps constructed using kinematic
preprocessing are superior in all aspects: faster com-
putation and improved roadmap quality (fewer con-
nected components). Table 1 also shows the results
for a 3-loop/14-link planar linkage (Figure 6(c)) using
the two-stage approach.

7.2 Luxo lamp

In this experiment, we use our planner to simulate a
lamp called Luxo, which consists of a 3-loop linkage
and an adjustable head (Figure 6(d)). In this case,
the base of the lamp is fixed and we don’t need to use
the two-stage approach. Furthermore, the underlying
graph G of Luxo indicates the linkage is a compound
chain linkage which we first ‘break’ into a closed chain

Table 1: Roadmap construction times (seconds) and
statistics for roadmaps constructed with and without
the kinematic roadmap. In the table, planar and spa-
tial chains are labeled respectively with P and S fol-
lowed by their loop number and link numbers, i.e.,
P2-12 stands for a 2loop-12link planar linkage, and
cfg and CC denote the number of nodes and connected
components in the roadmap (there are two), respec-
tively.

Roadmap Construction
Chain Kinematic Map Generation Connection
Links sec [ cfg | CC sec | cfg sec | CC
P2-12 3.3 | 30 2 6.0 580 6.3 1
P2-12 - - - 53.6 580 || 34.8 12
S2-12 447.0 15 10 || 447.3 140 1.2 3
S2-12 - - - 6.3K 140 || 19.1 13
P3-14 13.2 | 20 2 16.3 591 28.0 21
Luxo - - — || 170.3 | 1000 || 46.9 3

component which has three loops and an open chain
linkage which only has one link. We applied KBPRM to
the closed chain and randomly generated joint angles
for the open chain. As shown in Table 1, it takes 170.3
seconds to generate 1000 roadmap nodes and 46.9 sec-
ond to connect them. The roadmap has 3 connected
components and the largest one has 997 nodes. The
query takes within 1 second to find the path from a
given start posture to a given end posture.

7.3 Using IRC for high dof chains

We applied the IRC strategy to generate configura-
tions for a single loop closed chain which has m iden-
tical links and revolute joints. The number of links
varied from 20 to 44. The virtual chain was designed
so that the subchains of the original chain consisted



Table 2: Roadmap construction times (seconds) and
statistics for single loop k-link closed chains using IRC,
k = 20,26,30,37 and 44. In the table, Gen and Con
denote the node generation time and connection time,
respectively. CC denotes the number of connected
components in the roadmap and Size denotes the num-
ber of nodes in the largest two connected components.

Roadmap Construction

Chain Kinematic Map

Links Gen [ Con | CC ] Size
20 14.23 8.67 3 | 35,19
26 65.08 16.29 7 | 60, 35

30 109.15 25.03 16 85, 1
37 250.83 | 118.95 35 | 35,19
44 608.79 | 294.72 52 20, 7

of 6-7 links. In this preliminary implementation, we
only used KBPRM to generate closed configurations for
the subchains, but not for planning for them (e.g., lo-
cal planning). Each roadmap has 100 nodes. As we
can see from Table 2, we obtained good results when
the number of links was smaller than 30. For larger
chains, it becomes harder to both generate and con-
nect the closed configurations. This is because our im-
plementation of IRC currently only handles one level
of virtual links. We are currently working on this and
will include results in the final version.

8 Conclusion

KBPRM is one of the most efficient methods for mo-
tion planning for linkages containing closed kinematic
linkages. The efficiency of KBPRM depends critically
on how the linkage is partitioned into open chains,
and the original method assumed the partition was
provided as input to the problem. In this paper, we
described a fully automated method for partitioning
an arbitrary linkage into open chains, and for deter-
mining which chains should be positioned by random
sampling and which should be positioned using inverse
kinematics.

Even so, the size (number of links) of the closed
loops that can be handled by KBPRM is limited be-
cause the inverse solver can only be applied to small
chains. We showed that the Iterative Relaxation of
Constraints (IRC) strategy [3] can be used to handle
loops that are much larger than can be handled using
KBPRM alone. Indeed, our preliminary partial imple-
mentation of IRC can generate closed configurations
for loops with up to 44 links.
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